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Motivated by the need of quantum measurement of Majorana qubits and surface-code stabilizers,
we analyze the performance of a double-dot interferometer under the influence of environment noise.
The double-dot setup design allows accounting for the full multiple tunneling process between the
dots through the Majorana island, within a master equation approach. In the co-tunneling regime,
which results in a Majorana-mediated effective coupling between the dots, the master equation
approach allows us to obtain analytic solutions for the measurement currents. The measurement
quality, characterized by figures of merit such as the visibility of measurement signals, is carried
out in regard to the unusual decoherence effect rather than ‘which-path’ dephasing. The results
obtained in this work are expected to be useful for future experiments of Majorana qubit and
stabilizer measurements.
I. INTRODUCTION
In the past years, searching for Majorana zero modes
(MZMs) in topological superconductors has become an
active field in condensed matter physics [1–4]. Among
the various efforts, the scheme based on semiconductor
nanowires has received particular attention because of
the relative ease of realization and control [5–10]. The
key signatures of MZMs found in the experiments are
the zero-bias conductance peaks in tunneling spectra [5,
7, 10].
Beyond the problem of MZMs detection, it can be ex-
pected that the nanowire based experiments will soon
move to a more advanced level, e.g., demonstration
of non-Abelian statistics and validation of a prototype
topological qubit. The latter may include measuring
the topological-qubit coherence times, the residual MZM
splittings, and quasiparticle poisoning rates. All of these
can be extracted from the quantum measurements of a
Majorana qubit.
An even more advanced level of study is the fault-
tolerant quantum computation, in which the surface-code
architectures are recognized as very powerful platforms
[11]. In particular, it has been recognized that the Majo-
rana surface code architecture based on two-dimensional
networks of nanowire MZMs holds key advantages in
both the hardware realization and the actual operation
of the code [12, 13]. In this context, quantum measure-
ments of the so-called stabilizers in the surface code are
the most important procedures, which project the sys-
tem to a well-defined code state and are employed for
error detection and correction to realize fault tolerance
in quantum operations.
In this work we focus on analyzing the measurement
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performance of a double-dot interferometric device shown
in Fig. 1, which can be used for quantum measurement
of both Majorana qubits and stabilizers. In this set-up,
the Majorana island is coupled via two quantum dots to
the transport leads. The interferometric device consists
of two transmission paths, say, a direct link between the
two dots and another one for electron flowing through
the Majorana island. The loop of interference enclosed
by the two paths is pierced by an external magnetic flux
(φ). Via properly tuning the magnetic flux, the different
eigenvalues ‘±1’ of the Majorana qubit or stabilizer will
result in different measuring currents.
For Majorana qubits, in order to overcome limitations
from parity conservation, we consider a 4-MZMs qubit
as shown in Fig. 1(b). This Majorana box qubit (MBQ)
was recently described by Plugge et al [14]. For Majorana
stabilizers, we illustrate schematically in Fig. 1(c) a con-
crete 8-MZMs plaquette, which was proposed in Refs.
[12, 13] in the nanowire-based Majorana surface codes.
Its measurement protocol was also proposed, say, via a
quantum interferometry by point contact measurements
of the linear conductance.
In this work, based on similar ideas we consider a spe-
cific set-up where the Majorana island is coupled via
quantum dots to the transport leads. The main moti-
vation of introducing quantum dots in the interferometer
set-up is as follows. (i) It allows us to account for the full
multiple tunneling process between the two dots through
the Majorana island [15], within a master equation ap-
proach. If restricted in the lowest-order co-tunneling
regime, which results in a Majorana-island-mediated ef-
fective coupling between the dots, the master equation
approach allows us to obtain analytic solutions for the
measurement currents, even in the presence of decoher-
ence effects. (ii) The gate-controlled hybrid nanowires
and quantum dots are becoming very important plat-
forms for Majornana verification [16–20] and quantum
computation [13]. For instance, in the recent experi-
ments [19, 20], the gate-controlled coupling structure of
2FIG. 1: (a) Schematic plot of the double-dot interferome-
ter for quantum measurements of Majorana qubits and sta-
bilizers. Inside the transport setup (with lead-reservoirs R1
and R2), the double dots are tunnel-connected through two
channels: a direct link shown in the figure; and another
one through the Majorana island in between the ports 1
and 2. The two channels form an interference loop through
which a magnetic flux φ can be pierced. (b) A typical
four Majorana-zero-modes qubit, built with two topological-
superconducting wires (green) shunted by a conventional su-
perconductor bridge (orange). (c) Example of a Majorana
stabilizer designed in the Majorana surface codes. The 8 Ma-
joranas result in an effective code operator Zˆ =
∏8
j=1
γj =
zˆ1zˆ2zˆ3zˆ4, with the eigenvalues Z = ±1 to be determined by
the quantum measurement.
a nanowire and a quantum dot was developed to probe
the sub-gap Majorana states via an improved technique
of tunneling spectroscopy. (iii) Importantly, differing
from most other quantum interferometers, we will see
that for our proposed set-up, decoherence arisen from
the dot-level fluctuations does not seriously degrade the
quality of measurement. Under some parametric condi-
tions, stronger decoherence of this type can even enhance
the measurement visibility, quite outside a simple expec-
tation. (iv) Finally, introducing the quantum dots in
Fig. 1 may benefit protecting the Majorana island from
quasiparticle poisoning (e.g. at finite temperature envi-
ronments and finite bias voltage of transport), compared
to directly coupling the island to the continuum reser-
voirs/leads.
The paper is organized as follows. In Sec. II we present
the model description and transport master equation ap-
proach for the double-dot interferometer, by consider-
ing to insert the Majorana qubit/stabilizer into one of
the interfering arms (while remaining the derivation of
the Majorana-island-induced effective coupling in Ap-
pendixes A and B). In Sec. III we carry out analytic
solution for the measurement currents and compare it
with the numerical result from the full 12-state model
of Majorana qubit. We further analyze the decoherence
effect in Sec. IV and will pay particular attention to the
unusual feature owing to the dot-level fluctuations, which
would result in different behaviors rather than the usual
‘which-path’ dephasing. We fianlly summarize the work
in Sec V.
II. MODEL AND METHODS
A. Set-up Description
The double-dot interferometer we propose is schemati-
cally shown in Fig. 1, where a Majorana island is inserted
in one of the interference paths while the other path is
a direct tunnel-link between the dots. The two quantum
dots are further coupled to transport leads. As usual, the
interference loop enclosed by the two paths is pierced by
an external magnetic flux (φ). The phase-sensitive trans-
port current between the leads can reveal the state of the
Majorana island. Here, the Majorana island can be either
a basic qubit or a surface-code stabilizer. As explained in
the introduction, for the former, we consider a 4-MZMs
qubit as shown in Fig. 1(b), which is built by two topolog-
ical superconductor nanowires shunted by a conventional
superconductor [14]. For the stabilizer, we consider a 8-
MZMs plaquette, which was proposed in Refs. [12, 13] in
the nanowire-based Majorana surface codes.
For the sake of completeness, let us consider the Ma-
jornana qubit in a bit more detail. The qubit consists of
four MZMs, γj = γ
†
j , j = 1, · · · , 4, satisfying the fermion
anticommutation relations {γi, γj} = 2δi,j . We assume
long wires such that the MZMs have negligible overlap
and thus zero energy. The Majorana fermions can be
converted into the regular Dirac fermions through, e.g.,
f †R = (γ1−iγ2)/2 and f
†
L = (γ3−iγ4)/2. The fermion par-
ity of the 4-MZMs qubit reads P = γ1γ2γ3γ4 = ±1, corre-
sponding to an even/odd parity. One can define the log-
ical states of the qubit under, for instance, the even par-
ity with P = +1 as |0〉L = |0L, 0R〉, and |1〉L = |1L, 1R〉.
Here 0L/R and 1L/R denote, respectively, the empty and
occupied states of the left/right regular fermion described
by f †L/R. Accordingly, we can introduce the logical oper-
ator as zˆ = iγ2γ1, together with xˆ = iγ1γ4 and yˆ = iγ2γ4.
In order to prevent the qubit from quasiparticle poi-
soning, an important design is building a small floating
Majorana island with large charging energy EC . The
Coulomb interaction Hamiltonian is phenomenologically
given by HC = EC(N −ng)
2, with N the total charge on
the floating island and ng the gate charge which depends
on the gate voltage and gate capacitance. To minimize
the charging energy, the optimal choice is a symmetry
point with an integer value of ng. More explicitly, we
may denote the logical states of the qubit as
|0〉L = |0L, 0R, N, n0〉 ,
|1〉L = |1L, 1R, N, n0 − 1〉 . (1)
Here n0 denotes the number of Cooper pairs. The total
charge N is conserved on the qubit Hamiltonian level but
3varies during the transport measurement process. That
is, a single electron is allowed to virtually enter or leave
from the island. For the |0〉L sector, the relevant states
include
|0L, 0R, N, n0〉 ,
|0L, 1R, N + 1, n0〉 ,
|0L, 1R, N − 1, n0 − 1〉 . (2)
Similarly, for the |1〉L sector, the states include
|1L, 1R, N, n0 − 1〉 ,
|1L, 0R, N + 1, n0〉 ,
|1L, 0R, N − 1, n0 − 1〉 . (3)
For the setup shown in Fig. 1, the ‘central system’ of
transport includes also the two quantum dots, which are
assumed with strong on-site Coulomb interaction allow-
ing each dot to be empty or singly occupied. We thus
have 4 dot basis states |0, 0〉, |0, 1〉, |1, 0〉, and |1, 1〉.
Hence, the total set of basis states of the central sys-
tem are 12 product states formed by the 4 dot states and
the 3 states of the Majorana qubit island for each of the
|0〉L and |1〉L sectors.
The tunnel coupling between the dots and Majorana
qubit are described by [15]
H ′1 = (−λ0e
iφd†2d1 + λ1d1γ1 + iλ2d2γ2) + h.c. . (4)
d1,2 are the (annihilation) operators of the quantum dots.
The flux enclosed in the interference loop is accounted for
by the phase factor eiφ. The asymmetric choice of the
phases of the coupling amplitudes between dots 1 and
2 and the respective Majoranas is for a convenience to
produce simple results for real values of λ0,1,2 [15].
Finally, we describe the coupling between the dots and
the transport leads by H ′2 =
∑
k(t1d
†
1c1,k + t2d
†
2c2,k +
h.c.). The leads are assumed to be occupied with elec-
trons (with creation operators c†j,k) depending on the bias
voltages. The continuum of the leads are characterized
by the densities of states νj , resulting in coupling rates
with the dots given by Γj = 2πνj |tj |
2. In this work we
consider Γ1 = Γ2 = Γ.
For the double-dot setup transport, one can conve-
niently simulate the problem within a master equation
approach, by accounting for the full 12 or 24 states men-
tioned above, which contains the full multiple tunneling
process between the dots through the Majorana island
[15]. However, as carefully exploited in Ref. [15], under
proper choice of parameters, the full 12-states problem
can be well approximated by the cotunneling process.
That is, under the condition |λ1,2| ≪ EC , the dominant
cotunneling process will result in an approximate low-
energy effective Hamiltonian for the coupling between the
two dots as [14]
H ′eff =
(
− λ0e
iφ + 2zˆ
λ1λ
∗
2
EC
)
d†2d1 + h.c. . (5)
For a brief derivation of this result, see Appendix A of
this article.
For the surface code stabilizer shown in Fig. 1(c), ap-
plying the 4th-order perturbation theory (see Appendix
B), the effective low-energy code Hamiltonian of the 8-
MZMs plaquette reads [13], Hcode = −Re(c)Zˆ, with the
stabilizer operator given by Zˆ =
∏
j=1,8 γj and the coef-
ficient c given by Eq. (B3) in Appendix B. The stabilizer
operator has the same eigenvalues ±1 of the qubit oper-
ator zˆ. However, corresponding to each of the eigenvalue
±1, the individual states of the Majorana pairs, i.e., the
occupation of regular fermions, can be different. The
number of different states, after accounting also for the
single electron entering or leaving from the Majorana is-
land, are much larger than the qubit case. This will make
the full states simulation quite complicated. Neverthe-
less, by applying as well the perturbation theory (see Ap-
pendix B), one can obtain a similar low-energy tunneling
Hamiltonian as Eq. (5), needing only to replace the sec-
ond term in the bracket of Eq. (5) by α(ξ+c∗Zˆ)d†1d2. For
more details about α and ξ, see Appendix B. Then, we
see that the measurement problem of a Majorana qubit
and a stabilizer can be investigated by a unified treat-
ment, i.e., based on the type of the effective tunneling
Hamiltonian Eq. (5).
B. Master Equation Approach
For quantum transport, the master equation approach
is a very convenient tool. From the perspective of quan-
tum dissipation, the transport leads can be regarded as
a generalized fermionic environment, and the ‘system of
interest’ is the central device, e.g., the Majorana island
plus the two quantum dots in our case. For weak coupling
between the central system and the transport leads, un-
der the Born approximation, the so-called Born-Markov-
Redfield master equation for the reduced state of the cen-
tral system reads [15, 21, 22]
ρ˙ = −iLSρ−
1
2
∑
j=1,2
{
[d†j , D
(−)
j ρ− ρD
(+)
j ] + h.c.
}
. (6)
Here, LS is the Liouvillean superoperator associated with
the system Hamiltonian, LS(· · ·) ≡ [HS , (· · ·)]. In the
latter dissipative terms, we have introduced:
D
(±)
j =
∫ ∞
−∞
dtC
(±)
j (t)
[
e∓iLSt dj
]
. (7)
The reservoir correlation functions are defined from
the respective local-equilibrium thermal averages of the
reservoir operators
C
(+)
j (t) =
∑
k
|tj |
2
〈
c†j,k(t)cj,k(0)
〉
,
C
(−)
j (t) =
∑
k
|tj |
2
〈
cj,k(t)c
†
j,k(0)
〉
.
4More explicitly, under the wideband approximation for
the leads, we have C
(±)
j (t) = |tj |
2
∑
k e
±iεktf
(±)
j (εk),
where f
(+)
j (εk) = fj(εk) is the Fermi function of reser-
voir j, and f
(−)
j (εk) = 1 − fj(εk). The Fermi functions
depend on the respective electro-chemical potentials µj .
Then in the eigenstate basis of HS , we can easily carry
out the matrix elements of C
(±)
j as
(D
(±)
j )nm = Γjf
(±)
j (ωmn)(dj)nm , (8)
where ωmn = Em − En is the energy difference between
the eigenstates of HS . Knowing the reduce state ρ of
the central device, the transport current flowing into the
drain reservoir is given by [21, 22]
I =
1
2
Tr[(d†2D
(−)
2 −D
(+)
2 d
†
2)ρ(t) + h.c.] . (9)
Here we may mention that, in addition to a convenient
calculation of the stationary current, the master equa-
tion approach allows calculating the time-dependent cur-
rents much more conveniently than the Green’s function
method and the Landauer-Bu¨ttiker scattering approach.
III. MEASUREMENT CURRENTS
To carry out explicit solutions, let us convert the oper-
ator form of the master equation into a matrix-elements
form, by using the state basis of the system Hamiltonian
HS . The most convenient choice of the state basis is
the number states of occupation of the double dots, i.e.,
|1〉 = |00〉, |2〉 = |01〉, |3〉 = |10〉, and |4〉 = |11〉. Here we
only consider single occupation of each dot, owing to the
strong Coulomb blockade effect. Also, the explicit occu-
pation states of the Majorana island are not needed, since
we would like to adopt the description of the Majorana-
mediated effective coupling between the dots, given by
Eq. (5).
Without loss of the essential physics and practical rele-
vance, let us consider also the zero temperature and large
bias limits, which result in D
(+)
1 = Γ1d1, D
(−)
2 = Γ2d2,
and D
(−)
1 = D
(+)
2 = 0. The large bias voltage means that
the voltage window contains all the four lowest eigen-
energy levels, but not including the high energy levels
resulting from the charging energy of the Majorana is-
land. More explanations are referred to Ref. [15]. Based
on these considerations, we find
ρ˙11 = −Γ1ρ11 + Γ2ρ22 ,
ρ˙22 = −i(Ωρ32 − Ω
∗ρ23)− (Γ1 + Γ2)ρ22 ,
ρ˙33 = −i(Ω
∗ρ23 − Ωρ32) + Γ1ρ11 + Γ2ρ44,
ρ˙44 = Γ1ρ22 − Γ2ρ44 ,
ρ˙23 = −i[−δρ23 +Ω(ρ33 − ρ22)]−
1
2
(Γ1 + Γ2)ρ23 . (10)
Here we have introduced a notation for the total coupling
between the dots, Ω = −λ0e
iφ + zλ˜12, with z = ±1 and
λ˜12 = 2λ1λ
∗
2/EC .
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FIG. 2: Measurement currents in steady state for the distinct
states z = ±1 of the Majorana qubit. The interference effect
is manifested through the dependence on the enclosed mag-
netic flux. The currents for z = ±1 differ by a phase shift of π.
The interference pattern is also sensitive to the offset δ of the
dot levels. In the plot we compare results from several solv-
ing methods: analytic solution (solid lines) and numerical re-
sult (circles) from the effective coupling (4 states) model; and
numerical result (dashed lines) from the full 12-state model.
The parameters we used are Γ1 = Γ2 = Γ = 0.01, EC = 100Γ,
λ0 = Γ, and λ1 = λ2 = 10Γ.
In this work, we only consider the stationary cur-
rents of measurement, which can be conveniently com-
puted using Eq. (9). We find that only two matrix el-
ements, say, ρ22 and ρ44, are needed. Their solutions
read: ρ44 = (Γ1/Γ2)ρ22, while ρ22 = 4Γ1Γ2|Ω|
2 ×
[(4|Ω|2 + Γ1Γ2)(Γ1 + Γ2)
2 + 4Γ1Γ2δ
2]−1. Then, from
Eq. (9) we obtain
I(t→∞) = Γ2(ρ22 + ρ44)
=
4Γ1Γ2(Γ1 + Γ2)|Ω|
2
(4|Ω|2 + Γ1Γ2)(Γ1 + Γ2)2 + 4Γ1Γ2δ2
. (11)
In Fig. 2 we display the steady-state currents of mea-
surement. The quantum interference leads to a phase
shift of π between the currents for the Majorana qubit
states z = ±1. The effects of various parameters have
been investigated in detail in Ref. [15], while here we only
show the effect of the offset δ of the dot levels. In Fig. 2
we compare results from several solving methods, say, the
analytic solution (solid lines) and numerical result (cir-
cles) from the effective coupling (4 states) model, and
the numerical result (dashed lines) from the full 12-state
model. We find the results in satisfactory agreement.
Indeed, the 4-state low-energy Hamiltonian can repro-
duce most results with sufficient accuracy [15]. Differ-
ences only arise in some range of parameters, associated
with properties of the higher-energy states of the Ma-
jorana island. Actually, in the full 12-state description,
there are also the 8 high-energy states. The eigenstates
5are superpositions of the low-energy and the high-energy
basis states, and even the low-energy eigenstates have
a small, but not exponentially suppressed contribution
from the high-energy states and vice versa. In Ref. [15]
it was found that the current difference between the full
12-state and effective 4-state treatments becomes pro-
nounced when λ0 is large. In this case, the total trans-
mission is enhanced but the interference effect is weak-
ened owing to the unbalanced transmission paths, i.e.,
λ0 >> λ˜12. However, after accounting for small finite
temperature effect, even this difference will be suppressed
[15].
IV. DECOHERENCE EFFECTS
For the double-dot interferometer under consideration,
the study of decoherence effects can include such as the
energy fluctuation of the Majorana island, the quasi-
particle poisoning to the Majorana states, and the level
fluctuations of the double dots. Owing to the strong
Coulomb-blockade effect (large EC), we assume a strong
suppression of the quasi-particle poisoning. For the ef-
fect of the high-energy-level fluctuations of the Majorana
island, the full 12-states simulation (carried out in a sep-
arate work) shows a slight reduction of the effective cou-
pling between the dots mediated by the Majorana island.
Therefore, in the present work, we would like to focus on
the decoherence effects of the double-dot level fluctua-
tions. Again, even in the presence of decoherence, the
low-energy effective coupling treatment allows us to ob-
tain analytic solutions.
A. Naive Average
Before analyzing the Lindblad-type decoherence ef-
fect, we first calculate the average current by averaging
the dot-level fluctuations, based on the analytic solution
given by Eq. (11). This manifests, in a rather transparent
manner, the physical picture of decoherence from the dot-
level fluctuations. We calculate I¯ = 12∆
∫ ǫ1+∆
ǫ1−∆
I(ǫ′1)dǫ
′
1
and obtain
I¯ =
1
2∆
∫ ǫ1+∆
ǫ1−∆
4Γ1Γ2(Γ1 + Γ2)|Ω|
2
(4|Ω|2 + Γ1Γ2)(Γ1 + Γ2)2 + 4Γ1Γ2(ǫ′1 − ǫ2)
2
dǫ′1
=
Γ1Γ2|Ω|
2
∆
√
Γ1Γ2(4|Ω|2 + Γ1Γ2)
{
arctan
[
2
√
Γ1Γ2
(4|Ω|2 + Γ1Γ2)
δ +∆
Γ1 + Γ2
]
− arctan
[
2
√
Γ1Γ2
(4|Ω|2 + Γ1Γ2)
δ −∆
Γ1 + Γ2
]}
.
(12)
In Fig. 3 we show the effect of the fluctuation amount
(∆) of the dot level (ǫ1) on the measurement current.
For any given magnetic flux (φ), we find that the aver-
age current decreases with ∆. The reason for this overall
decreasing behavior is the decrease of each individual cur-
rent along with the increase of ∆, owing to stronger de-
viation from the resonant coupling under ǫ1 = ǫ2. How-
ever, the interference pattern does not vanish or even is
not reduced (e.g. see the case of ∆ = 5Γ in Fig. 3), unlike
the usual decoherence effect in the ‘which-path’ interfer-
ometry set-up. Here, the dot-level fluctuation does not
correspond to the effect of the ‘which-path’ back-action.
For each pair of (ǫ′1, ǫ2), an interference pattern is indi-
cated and most importantly, the location of interference
extrema of these patterns does not shift with the differ-
ence of ǫ′1 and ǫ2. Therefore, the in-phase summation
(and average) of these patterns does not cause cancela-
tion which is actually the origin of dephasing (decoher-
ence) effect. The naive treatment in this subsection has
resulted in qualitatively similar result as that in next sub-
section, using the Lindblad-type decoherence model with
constant rate (γ), e.g., compared with Fig. 4. However,
it seems not very clear how to quantitatively connect the
fluctuation amplitude (∆) analyzed here with the deco-
herence rate γ in the next subsection, despite that for
both treatments we can obtain analytic solutions.
B. Lindblad-Type Decoherence
Now we turn to the standard treatment of decoher-
ence originated from the energy level fluctuations of dot
1 with respect to dot 2, under the influence of environ-
ment. Under the wide-band limit (Born-Markovian ap-
proximation), we only need to modify the transport mas-
ter equation by adding a new term, γD[sˆ]ρ, with γ the
decoherence rate and sˆ = d†1d1 the decoherence operator.
In the same basis for Eq. (10), we have
ρ˙23 = −i[−δρ23 +Ω(ρ33 − ρ22)]
−
1
2
(Γ1 + Γ2 + γ)ρ23 . (13)
The equations of other matrix elements remain the same
as in Eqs. (10).
To obtain the steady-state current, we first carry out
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FIG. 3: Average current over an amount ∆ of the dot level
(ǫ1) fluctuation. The parameters are assumed as Γ = 0.01,
ǫ1 = ǫ2 = 0, λ0 = Γ, and λ˜12 = 2Γ.
the stationary solution of ρ22 and ρ44:
ρ22 =
4|Ω|2Γ1Γ2(Γ1 + Γ2 + γ)
[B(Γ1 + Γ2 + γ) + 4δ2Γ1Γ2] (Γ1 + Γ2)
ρ44 = (Γ1/Γ2) ρ22 , (14)
where we have introduced B = 4|Ω|2(Γ1+Γ2)+Γ1Γ2(Γ1+
Γ2+γ) to simplify the expression of ρ22. Based on this so-
lution, the steady-state current can be obtained through
I = Γ2(ρ22 + ρ44), which yields
I(t→∞) =
4|Ω|2Γ1Γ2(Γ1 + Γ2 + γ)
B(Γ1 + Γ2 + γ) + 4Γ1Γ2δ2
. (15)
In Fig. 4 we plot the results based on Eq. (15), show-
ing the decoherence effect (i.e. the dot-level fluctua-
tions) on the current. The effect is qualitatively the
same as the ∆-effect (the fluctuating amplitude of the
dot level) shown in Fig. 3, despite that γ is determined by
the coupling strength to environment and the density-of-
states of the environment. Indeed, γ has the same effect
of the level fluctuation amplitude. In Fig. 4 we adopt
δ = ǫ1 − ǫ2 = 2Γ, i.e., the two dots are not coupled in
resonance. We then find the current increasing with the
increase of γ in the first stage, owing to better matching
of the dot levels caused by the stochastic fluctuations.
This behavior is somehow similar to the phenomenon of
‘dissipation-assisted tunneling’. However, of course, the
current would decrease with the further increase of γ,
because of the stronger deviation from resonance.
With the help of the analytic solution Eq. (15), we may
determine some characteristic values of γ. First, for a
given δ, we can find a γ∗, which maximizes the current.
From the following result
dI
dγ
=
4|Ω|2Γ21Γ
2
2[4δ
2 − (Γ1 + Γ2 + γ)
2]{
B(Γ1 + Γ2 + γ) + 4Γ1Γ2δ2
}2 , (16)
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FIG. 4: Decoherence effect on the measurement currents.
For the purpose discussed in the main text, we set a nonzero
offset of the dot levels (δ = 2Γ). Other parameters are the
same as in Fig. 2.
we obtain γ∗ = 2(|δ|−Γ) by means of dIdγ |γ=γ∗ = 0. Here
we assumed Γ1 = Γ2 = Γ. As a simple check, taking
δ = 2Γ as an example, the current is enhanced with the
increase of γ from zero to 2Γ. This is what we observed
in Fig. 4. The second characteristic value of our interest
is γ0, given by I(γ = 0) = I(γ0). We obtain
γ0 =
4δ2 − (Γ1 + Γ2)
2
Γ1 + Γ2
. (17)
Again, for Γ1 = Γ2 = Γ and δ = 2Γ, we have γ0 = 6Γ,
which is precisely the coincidence value found in Fig. 4.
C. Interference Visibility
As observed in Figs. 2 and 3, the interference signal
of the present double-dot interferometer does not sen-
sitively decrease with the decoherence strength between
the two dots. We are thus interested in a more meaning-
ful quantity, say, the visibility of the interference pattern,
defined as
V =
Imax − Imin
Imax + Imin
. (18)
Imax and Imin are, respectively, the peak and valley val-
ues of current oscillation with the magnetic flux φ. Obvi-
ously, the larger visibility means a better distinguishabil-
ity of the qubit states from the quantum measurement.
Based on the analytic solution we find
V =
2Γ1Γ2K|λ0λ˜12|
4(Γ1 + Γ2)Γ˜(λ20 − λ˜
2
12)
2 + Γ1Γ2K(λ20 + λ˜
2
12)
. (19)
Here we introduced K = Γ˜2 + 4δ2, and Γ˜ = Γ1 +Γ2 + γ.
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FIG. 5: Decoherence effect on the visibility of the inter-
ference pattern, e.g., shown in Fig. 4. Results for different
offset δ of the dot levels are displayed. A unique feature is
the monotonically enhanced visibility (for small δ) along the
decoherence rate γ, which is unusual compared to the deco-
herence effect in the usual ‘which-path’ interferometry setups.
Parameters: Γ = 0.01, λ0 = Γ, and λ˜12 = 2Γ.
In Fig. 5 we show the decoherence effect on the visibil-
ity. The most remarkable feature observed here is that
the visibility is enhanced (for small level-offset δ) along
the decoherence rate γ, which is unusual compared to
the decoherence effect in other ‘which-path’ setups. The
basic reason, as mentioned in Sec. IV A (associated with
Fig. 3), is that the dot-level fluctuation in our double-
dot interferometer does not result in the ‘which-path’
back-action. Moreover, for each ‘fluctuating configura-
tion’ of the dot-levels, the quantum mechanically im-
plied interference pattern shares the same magnetic-flux
(φ) conditions for constructive and destructive interfer-
ences. Then, no decoherence-associated-cancelation oc-
curs in the current. However, the level fluctuations do
affect (reduce) the magnitude of current (for vanished
or small δ), owing to driving the dots further away from
the condition of resonant tunnel coupling. Therefore, the
interplay between the persistently surviving quantum in-
terference and the level-fluctuation-induced off-resonance
transmission results in the enhanced visibility if we in-
crease the decoherence rate γ, as seen in Fig. 5. Similar
explanation applies as well to the enhanced visibility by
increasing the level offset δ, for a given decoherence rate
γ as shown in Fig. 5.
More complicated situation occurs if we consider to
increase both δ and γ. This will result in the turnover
behavior observed in Fig. 5. Based on the analytic result
of Eq. (19), we find that the turnover point is given by
γ = 2|δ| − Γ1 − Γ2. Indeed, in Fig. 5 we find that for
δ > Γ the visibility decreases first, then increases with γ.
But for 0 ≤ δ ≤ Γ, the visibility only increases with γ,
monotonically.
V. SUMMARY
We have analyzed the performance of a double-dot
interferometer, in connection with the quantum mea-
surement of Majorana qubits and surface-code stabiliz-
ers. The double-dot design has some advantages such
as separating the Majorana island from fermionic envi-
ronment (thus avoiding quasiparticle poisoning). In the
co-tunneling regime (through the Majorana island), the
double-dot setup allows an efficient low-energy effective
description for the Majorana-mediated coupling between
the dots, and a simple master equation approach allows
us to obtain analytic solutions for the transport currents
(even in the presence of environment noises). A notice-
able feature of the double-dot interferometer is that the
dot-level fluctuations do not cause sensitive degradation
of visibility of the measurement signals, which is unusual
regarding to the decoherence effect in other ‘which-path’
setups. The results analyzed in this work are expected to
be useful for future experiments of Majorana qubit and
stabilizer measurements.
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Appendix A: Effective Coupling Mediated by the
Majorana Qubit
In the Coulomb blockade regime (with large charging
energy EC), the electron transmission through the Majo-
rana island as shown in Fig. 1 involves only ‘virtual’ occu-
pation of the island states. In this case, it is desirable to
develop an effective description for the Majorana-island-
mediated coupling [13, 23]. In this Appendix, we present
a brief derivation for the effective coupling Hamiltonian,
Eq. (5).
Let us re-denote the tunnel-coupling Hamiltonian be-
tween the dots (D1 and D2) and the two Majoranas (γ1
and γ2) as
Ht =
∑
j=1,2
(
λjd
†
je
−iϕj/2γj + h.c.
)
, (A1)
where the coupling amplitude λj and the dot-electron
operators are denoted as the same as in Eq. (4). Taking
this coupling Hamiltonian as perturbation and applying
the 2nd-order perturbative expansion, the transfer ampli-
tude of an electron from D1 to D2 is give by 〈f |HtG0Ht|i〉,
where the initial (final) state |i〉 (|f〉) corresponds to the
electron in the quantum dot D1 (D2) and the Majorana
qubit island in the same ground state. In the pertur-
bative expansion, G0 is the free Green’s function of the
Majorana island.
8For electron transmission through the Majorana qubit
from D1 to D2, there are two sequences: (i) first D1 → γ1
then γ2 → D2; (ii) first γ2 → D2 then D1 → γ1. More-
over, both sequences have the same intermediate-state
energy offset of EC , which results in an energy denomi-
nator −1/EC in the perturbative amplitude (contributed
by the free Green’s function). For each transmission se-
quence, after identifying the energy denominator, one can
reorganize the operator orders, under the anticommuta-
tion rule of fermions. For instance, one transmission se-
quence (the second one mentioned above) is accounted
for as
(λ1d1γ1)(−iλ
∗
2γ2d
†
2)
= −λ1λ
∗
2(iγ2γ1)d
†
2d1
= −λ1λ
∗
2 zˆd
†
2d1 . (A2)
The transmission sequence (i) can be treated similarly
to give the same result. Summing the two contributions,
we arrive at the effective coupling Hamiltonian of the two
dots as
H ′eff =
(
− λ0e
iφ + 2zˆ
λ1λ
∗
2
EC
)
d†2d1 + h.c. ,
i.e., Eq. (5) used in the main text.
Appendix B: Effective Hamiltonians for Stabilizers
1. Effective Code Hamiltonian
Following Refs. [12, 13], a minimal Majorana sta-
bilizer plaquette involves eight Majoranas (MZMs), as
schematically shown in Fig. 1(c). The eight Majoranas
are contributed from four Majorana islands (not shown
in Fig. 1(c)), while the neighboring Majorana islands
are linked by tunnel bridges, described by the tunnel-
coupling Hamiltonian
H ′ = −
tll′
2
γlγl′e
i(ϕl−ϕl′)/2 + h.c. , (B1)
where tll′ is the coupling amplitude between the Majo-
ranas γl and γl′ , and ϕl (ϕl′ ) the respective supercon-
ducting phase of the Majorana island l (l′).
The Majorana islands are prepared with strong charg-
ing energies, described by the charging-energy Hamilto-
nian H ′C =
∑4
j=1 EC(Nj − ng,j)
2. Following Ref. [12],
we assume an isotropic EC for all islands, and the back-
gate-controlled charges ng,j close to the integer charges
Nj , i.e., ng,j = Nj +∆ng,j with |∆ng,j | ≪ 1. Therefore,
the energy required to add (remove) a single charge to
(from) the jth island is E±j = (1 ∓ 2∆ng,j)EC .
Now we outline a derivation for the effective code
Hamiltonian for the stabilizer, which is an effective de-
scription of the tunnel-coupling-induced fluctuations as-
sociated with the ground state |G〉 of the four Majorana
islands. More specifically, let us consider the fluctua-
tion process to transfer an electron in anticlockwise di-
rection to the initial island. The transfer amplitude is
give by 〈G|H ′G0H
′G0H
′G0H
′|G〉, where G0 is the Green’s
function associated with the ‘free’ Hamiltonian of the
four Majorana islands. This fluctuation process involves
the tunnel-coupled Majorana pairs γ7γ8, γ5γ6, γ3γ4, and
γ1γ2. For the convenience of description, we assume the
Majorana pairs (γ8, γ1), (γ2, γ3), (γ4, γ5), and (γ6, γ7)
belong to, respectively, the island 1, 2, 3, and 4. Ob-
viously, there are 4! = 24 tunnel-transfer sequences,
given by the different permutations of the four tunneling
Hamiltonians in the 4th-order perturbation expansion.
(i) As an example, one sequence is γ1γ2γ3γ4γ5γ6γ7γ8,
which corresponds to transferring an electron first from
island 1 to 4, next from 4 to 3, then from 3 to 2,
and finally back to island 1. Associated with this se-
quence, the energy excitations of the intermediate states
are, respectively, E−1 + E
+
4 , E
−
1 + E
+
3 , and E
−
1 + E
+
2 .
Then, the energy denominator in the perturbative ex-
pansion (contributed by the Green’s functions) is given
by 1/[(E−1 +E
+
2 )(E
−
1 +E
+
3 )(E
−
1 +E
+
4 )] = 1/(8E
3
C). There
are sixteen transfer sequences that share this energy de-
nominator. (ii) Similar treatment allows us to account
for the contribution from a different type of transfer se-
quences, for instance, γ1γ2γ5γ6γ3γ4γ7γ8. The energy de-
nominator of this type is 1/(16E3C) and there are 8 se-
quences.
Let us define the stabilizer operator as
Zˆ =
8∏
j=1
γj , (B2)
which is the product of the eight Majorana operators
comprising a minimal loop. Based on the above result
of fluctuation amplitude, we arrive at an effective low-
energy code Hamiltonian as [13]
Hcode = −Re(c)Zˆ , c =
5
16E3C
∏
tll′ . (B3)
2. Effective Coupling Hamiltonian Mediated by a
Majorana Stabilizer
In this subsection we further derive the effective cou-
pling between the two quantum dots mediated by the
Majorana stabilizer. To be specific, let us consider an
electron transfer from D2 to D1. There are two types
of paths: one is the shortcut through the connection
link between γ2 and γ1; another one is along the stabi-
lizer loop, i.e., (γ2, γ3) → (γ4, γ5) → (γ6, γ7) → (γ8, γ1).
The transfer amplitude for the former case is given by
the 3rd-order perturbative expansion 〈f |HtG0H
′G0Ht|i〉,
while for the latter case it is given by the 5th-order ex-
pansion 〈f |HtG0H
′G0H
′G0H
′G0Ht|i〉. For the sake of
seeing more clearly the transfer sequence, let us define
the segment operators Lj = d
†
jγje
−iϕj/2 and Amn =
9γmγne
i(ϕm−ϕn)/2, extracted from the tunneling Hamil-
tonians (A1) and (B1).
TABLE I: All the 6 sequences and energy denominators of
an electron transfer through the shortcut of the Majorana
stabilizer from D2 to D1 as shown in Fig. 1.
No sequences energy denominators
1 L1A12L
†
2 (E
+
1 E
+
2 )
−1
2 A12L1L
†
2 −[(E
−
1 + E
+
2 )E
+
2 ]
−1
3 L†2A12L1 (E
−
2 E
−
1 )
−1
4 A12L
†
2L1 −[(E
−
1 + E
+
2 )E
−
1 ]
−1
5 L1L
†
2A12 −[E
+
1 (E
+
1 + E
−
2 )]
−1
6 L†2L1A12 −[E
−
2 (E
+
1 +E
−
2 )]
−1
(i) For the shortcut case, the transfer process involves
each of the operators L1, L
†
2 and A12 once, and there are
3! = 6 sequences as shown in Table I. Summing up all
contributions (i.e., the energy denominators), we obtain
[13]
(E+1 − E
−
1 )(E
+
2 − E
−
2 )
E+1 E
−
1 E
+
2 E
−
2
=
4
E2C
η , (B4)
η =
∆ng,1∆ng,2
(1− 4∆n2g,1)(1 − 4∆n
2
g,2)
. (B5)
The asymmetry parameter η depends on the charge off-
set parameters ∆ng,l=1,2 and thus will be negligibly small
with vanishing charge offsets. Then, we obtain the effec-
tive tunneling Hamiltonian mediated by the shortcut link
between γ2 and γ1,
H ′12,eff = −
2λ1λ
∗
2t12
E2C
η d†1d2 + h.c. . (B6)
(ii) For the transfer path around the Majorana loop,
permutation of the 5 tunnel-coupling Hamiltonians will
generate 5! = 120 transfer sequences (part of them are
illustrated in Table II). Notice that each sequence would
result in the same product of operators, Zˆd†1d2, differing
from each other only in amplitude owing to the differ-
ent energy denominators. Summing up all the energy
denominators, we find a very simple factor
16
E4C
Π4j=11/(1− 4∆n
2
g,j) .
Ignoring the relative small quantity (∆n2g,j) in the de-
nominators, we obtain the effective coupling Hamiltonian
mediated by the Majorana loop
H ′′12,eff = −
2λ1λ
∗
2(t34t56t78)
∗
E4C
Zˆd†1d2 + h.c. . (B7)
Finally, summing the contributions of the two types of
paths, we arrive at
H12,eff = α(ξ + c
∗Zˆ)d†1d2 + h.c. , (B8)
where α = −32λ1λ
∗
2/(5t
∗
12EC)
and ξ = (5|t12|
2/(16EC))η. This is the result originally
presented in Ref. [13]. Summing this effective coupling
(mediated by the Majorana stabilizer) and the direct cou-
pling between the two quantum dots, we see that the
measurement principle of the stabilizer operator Zˆ falls
into the same category as described in the main text by
Eq. (5). In particular, if the charge offsets ∆ng,1 and
∆ng,2 are negligibly small, the ξ-term in Eq. (B8) van-
ishes.
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TABLE II: Illustrative examples of the sequences and the associated energy denominators, for an electron transfer from the
quantum dot D2 to D1 through the main loop of Majorana stabilizer as shown in Fig. 1.
No sequences energy denominators
1 L1A87A65A43L
†
2 (E
+
1 E
+
4 E
+
3 E
+
2 )
−1
2 A87L1A65A43L
†
2 [(E
−
1 +E
+
4 )E
+
4 E
+
3 E
+
2 ]
−1
3 L1A65A87A43L
†
2 [E
+
1 (E
+
1 + E
−
4 + E
+
3 )E
+
3 E
+
2 ]
−1
4 A65L1A87A43L
†
2 [(E
−
4 +E
+
3 )(E
+
1 + E
−
4 + E
+
3 )E
+
3 E
+
2 ]
−1
5 A87A65L1A43L
†
2 [(E
+
4 + E
−
1 )(E
−
1 +E
+
3 )E
+
3 E
+
2 ]
−1
6 A65A87L1A43L
†
2 [(E
−
4 +E
−
3 )(E
−
1 + E
+
3 )E
+
3 E
+
2 ]
−1
7 L1A87A43A65L
†
2 [E
+
1 E
+
4 (E
+
2 + E
−
3 + E
+
4 )E
+
2 ]
−1
8 A87L1A43A65L
†
2 [(E
−
1 +E
+
4 )E
+
4 (E
+
2 +E
−
3 + E
+
4 )E
+
2 ]
−1
9 L1A43A87A65L
†
2 [E
+
1 (E
+
1 + E
+
2 + E
−
3 )(E
+
2 + E
−
3 + E
+
4 )E
+
2 ]
−1
10 A43L1A87A65L
†
2 [(E
+
2 + E
−
3 )(E
+
1 + E
+
2 +E
−
3 )(E
+
2 +E
−
3 + E
+
4 )E
+
2 ]
−1
11 A87A43L1A65L
†
2 [(E
−
1 +E
+
4 )(E
−
1 +E
+
2 + E
−
3 +E
+
4 )(E
+
2 + E
−
3 + E
+
4 )E
+
2 ]
−1
12 A43A87L1A65L
†
2 [(E
+
2 + E
−
3 )(E
−
1 +E
+
2 + E
−
3 +E
+
4 )(E
+
2 + E
−
3 + E
+
4 )E
+
2 ]
−1
13 L1A65A43A87L
†
2 [E
+
1 (E
+
1 + E
+
3 + E
−
4 )(E
+
1 + E
+
2 + E
−
4 )E
+
2 ]
−1
14 A65L1A43A87L
†
2 [(E
+
3 + E
−
4 )(E
+
1 + E
+
3 +E
−
4 )(E
+
1 +E
+
2 + E
−
4 )E
+
2 ]
−1
15 L1A43A65A87L
†
2 [E
+
1 (E
+
1 + E
+
2 + E
−
3 )(E
+
1 + E
+
2 + E
−
4 )E
+
2 ]
−1
16 A43L1A65A87L
†
2 [(E
+
2 + E
−
3 )(E
+
1 + E
+
2 +E
−
3 )(E
+
1 +E
+
2 + E
−
4 )E
+
2 ]
−1
17 A65A43L1A87L
†
2 [(E
+
3 + E
−
4 )(E
+
2 + E
−
4 )(E
+
1 + E
+
2 +E
−
4 )E
+
2 ]
−1
18 A43A65L1A87L
†
2 [(E
+
2 + E
−
3 )(E
+
2 + E
−
4 )(E
+
1 + E
+
2 +E
−
4 )E
+
2 ]
−1
19 A87A65A43L1L
†
2 [(E
−
1 +E
+
4 )(E
−
1 +E
+
3 )(E
−
1 +E
+
2 )E
+
2 ]
−1
20 A65A87A43L1L
†
2 [(E
+
3 + E
−
4 )(E
−
1 +E
+
3 )(E
−
1 +E
+
2 )E
+
2 ]
−1
21 A87A43A65L1L
†
2 [(E
−
1 +E
+
4 )(E
−
1 +E
+
2 + E
−
3 +E
+
4 )(E
−
1 +E
+
2 )E
+
2 ]
−1
22 A43A87A65L1L
†
2 [(E
+
2 + E
−
3 )(E
−
1 +E
+
2 + E
−
3 +E
+
4 )(E
−
1 +E
+
2 )E
+
2 ]
−1
23 A65A43A87L1L
†
2 [(E
+
3 + E
−
4 )(E
+
2 + E
−
4 )(E
−
1 +E
+
2 )E
+
2 ]
−1
24 A43A65A87L1L
†
2 [(E
+
2 + E
−
3 )(E
+
2 + E
−
4 )(E
−
1 +E
+
2 )E
+
2 ]
−1
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